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Abstrat
Every ontinuous funtion of two or more real variables an be written
as the superposition of ontinuous funtions of one real variable along with
addition.
1 Introdution
The 13th Problem from Hilbert's famous list [3℄ asks whether every ontinuous
funtion of three variables an be written as a superposition (in other words,
omposition) of ontinuous funtions of two variables. Hilbert antiipated a
negative answer saying,
it is probable that the root of the equation of the seventh degree
is a funtion of its oeients whih [...℄ annot be onstruted by a
nite number of insertions of funtions of two arguments. In order
to prove this, the proof would be neessary that the equation of the
seventh degree f7 + xf3 + yf2 + zf +1 = 0 is not solvable with the
help of any ontinuous funtions of only two arguments.
It took over 50 years for signiant progress to be made on Hilbert's 13th Prob-
lem. Then in 1954 Vitushkin [6℄ found a result in the diretion Hilbert expeted:
if n/q > n′/q′ then there are funtions of n variables with all qth order deriva-
tives ontinuous whih an not be written as a superposition of funtions of
n′ variables and all q′th order derivatives ontinuous. In partiular, there are
ontinuously dierentiable funtions of three variables whih an not be written
as a superposition of ontinuously dierentiable funtions of two variables.
However Kolmogorov and Arnold subsequently proved a series of results
ulminating with Kolmogorov's 1957 Superposition Theorem.
∗
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Theorem 1 (Kolmogorov Superposition, [4℄) For a xed n ≥ 2, there are
n(2n+1) maps ψpq ∈ C([0, 1]) suh that every map f ∈ C([0, 1]n) an be written:
f(x) =
2n+1∑
q=1
gq (φ
q(x)) where φq(x1, . . . , xn) =
n∑
p=1
ψpq(xp),
and the gq ∈ C(R) are maps depending on f .
This remarkable theorem gives a very strong positive solution to Hilbert's 13th
Problem, indeed it says that every ontinuous funtion of two or more variables
an be written as a superposition of ontinuous funtions of just one variable
along with just one funtion of two variables, namely addition.
However the Kolmogorov Superposition Theorem is not a omplete solution
to Hilbert's 13th Problem. Hilbert's statement of the problem expliitly refers
to funtions (suh as the root funtion of an equation of the seventh degree)
of three real, or perhaps even more naturally, omplex, variables. But the
Kolmogorov Superposition Theorem only deals with funtions on a ompat
ube  the variables are restrited to a losed and bounded interval.
There have been numerous extensions to the Kolmogorov Superposition The-
orem. Most notably Ostrand [5℄ showed that ompat, nite dimensional metriz-
able spaes satisfy a superposition theorem, while Fridman [1℄ showed that the
inner funtions (the ψpq) an be taken to be Lipshitz. However none solve
Hilbert's 13th Problem for ontinuous funtions of three real variables.
In this paper we omplete the solution of Hilbert's 13th Problem by showing
that the Kolmogorov Superposition Theorem holds for all ontinuous funtions
f : Rm → R (Theorem 3). Further, using earlier work of the authors, [2℄, we
haraterize the topologial spaes satisfying a superposition result of the Kol-
mogorov type. It turns out these spaes are preisely the loally ompat, nite
dimensional separable metrizable spaes, or equivalently, those spaes homeo-
morphi to a losed subspae of Eulidean spae (Theorem 4).
2 Superpositions
Write C(X,Y ) for all ontinuous maps from a spae X to another spae Y , and
C(X) for C(X,R). Note that we always use the max norm. ‖·}∞, on R
m
.
Abstrating from Theorem 1 we make the following denition:
Denition 2 Let X be a topologial spae. A family Φ ⊆ C(X) is said to be
basi for X if eah f ∈ C(X) an be written: f =
∑n
q=1 (gq ◦ φq),
for some φ1, · · · , φn in Φ and `o-ordinate funtions' g1, . . . , gn ∈ C(R).
Note that the Kolmogorove Superposition Theorem says that every ube [0, 1]m
has a nite basi family in whih eah element of the basi family is a sum of
funtions of one variable.
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Theorem 3 Fix m in N. There exist ψpq ∈ C(R), for q = 1, 2, . . . , 2m + 1
and p = 1, 2, . . . ,m, suh that for any funtion f ∈ C(Rm), there an be found
funtions g1, . . . , g2m+1 in C(R) suh that:
f(x) =
2m+1∑
q=1
gq(φ
q(x)), where φq(x1, . . . , xm) = ψ
1q(x1) + · · ·+ ψ
mq(xm).
Proof. We break the proof into four parts. In the rst step we dene a family
of `grids', and approximations to the funtions ψpq. Next we dene the ψpq and
φq, and establish ertain useful properties of the grids and funtions. In the nal
two steps we show that the funtions φq are basi for Rm, rst for ompatly
supported funtions, and then in general.
1. Constrution of the Grids and Approximations We establish by in-
dution on k, the existene for eah k ∈ N, p = 1, 2, . . . ,m, and q = 1, 2, . . . , 2m+
1, of positive ǫk, γk < 1/10, distint positive prime numbers P
pq
k > m + 10,
disrete families (`grids') Sqk of open intervals of R and ontinuous funtions
fpqk : R→ R suh that:
(1) the sequenes of ǫk's and γk's both stritly derease to zero (in fat, for
all k, 0 < ǫk+1 < ǫk/6 and 0 < γk < 1/k),
(2) eah member of Sqk has diameter ≤ γk,
for eah xed k any two of the families {Sqk : q = 1, . . . , 2m + 1} over
[−k, k], and all over {−k, 0, k};
(3) mǫk < 1/
∏m
p=1 P
pq
k for eah q = 1, 2, . . . , 2m+ 1;
(4) fpqk is nondereasing on R
+
, noninreasing on R
−
and onstant outside
[−k, k];
(5) fpqk is onstant on eah member of S
q
k with value a positive integral multi-
ple of 1/P pqk , and (f
pq
k (J1)−f
pq
k (J2))P
pq
k mod P
pq
k 6= 0 given J1, J2 ∈ S
pq
k ;
additionally, if J is an interval ontaining 0, then fpqk maps J to 0;
(6) |fpqk (k)− k| < 1/(m+ 1) and |f
pq
k (−k)− k| < 1/(m+ 1);
(7) for eah ℓ ≤ j < k and x ∈ [−ℓ, ℓ], fpqj (x) ≤ f
pq
k (x) ≤ f
pq
j (x) + ǫj − ǫk.
Base Step: It is straightforward to nd disrete olletions of open intervals
Spq1 for p = 1, . . . ,m and q = 1, . . . , 2m+1 suh that any two of the families
{Spq1 : q = 1, 2, · · · , 2m + 1} over [−1, 1], eah of the families overs
{1, 0,−1}, and eah interval in the olletion has length ≤ γ1 = 1/10.
Let n1 be the number of all the open interval in all the olletions S
pq
1
(1 ≤ p ≤ m, 1 ≤ q ≤ 2m + 1). For p = 1, . . . ,m and q = 1, . . . , 2m + 1
pik distint primes P pq1 larger than n1.
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Now we dene fpq1 on [−1, 1]. Then for x > 1 dene f
pq
1 (x) = f
pq
1 (1), and
for x < −1 dene fpq1 (x) = f
pq
1 (−1).
If J ∈ Spq1 , then dene f
pq
1 suh that f
pq
1 restrited to J is a positive
integral multiple of 1/P pq1 . More speially, if 0 ∈ J then f
pq
1 (J) = 0; if
1 ∈ J then fpq1 (J) = 1 − 1/P
pq
1 ; and if 1 ∈ J then f
pq
1 (J) = 1 − 2/P
pq
1 .
This an easily be done so that fpq1 (as dened so far) is nondereasing
on [0, 1] and noninreasing on [−1, 0].
For x in [−1, 1] \
⋃
Spq1 , interpolate f
pq
1 linearly.
Choose ǫ1 > 0 suh that mǫ1 < 1/
∏m
p=1 P
pq
1 for eah q = 1, 2, · · · , 2m+1.
All (appliable) onditions (1)(7) hold.
Indutive Step: Suppose P pqk−1, ǫk−1, γk−1, S
q
k−1 and f
pq
k−1 are all given and
satisfy the requirements (1)(7).
By uniform ontinuity of fpqk−1 on [−(k − 1), k − 1], there exists γk <
min{1/k, γk−1} suh that |f
pq
k−1(x1)− f
pq
k−1(x2)| < ǫk−1/6 if |x1−x2| < γk
for eah p = 1, . . . ,m and q = 1, . . . , 2m+ 1.
Then it is straightforward to nd disrete olletions of open intervals,
Spqk for 1 ≤ p ≤ m and 1 ≤ q ≤ 2m+ 1, suh that any two of the families
{Spqk : q = 1, 2, · · · , 2m + 1} over [−k, k], eah of the families overs
{k, 0,−k}, eah interval in the olletion has length ≤ γk and the distane
between eah pair of adjaent intervals is also ≤ γk.
Let nk be the total number of open intervals in all the olletions S
pq
k
for p = 1, 2, . . . ,m and q = 1, 2, . . . , 2m + 1. For eah p, q selet distint
primes P pqk so that 2nk/P
pq
k < ǫk−1/6.
Next, we give the onstrution of fpqk on [−k, k]. Outside of [−k, k] extend
onstantly (as in the Base Step).
• If J ∈ Spqk , then f
pq
k (J) is a positive integral multiple of 1/P
pq
k . For
any J ∈ Spqk with J ∩ [−(k − 1), k − 1] 6= ∅, we an ensure that
fpqk−1(x) < f
pq
k (x) < f
pq
k−1(x) + ǫk−1/3.
[i℄ Sine 2nk/P
pq
k < ǫk−1/6 and |f
pq
k−1(x1)− f
pq
k−1(x2)| < ǫk−1/6
when |x1 − x2| < γk, there are 2nk possible hoies for the value of
fpqk (J) (J ∈ S
pq
k ) whih makes f
pq
k−1(x) < f
pq
k (x) < f
pq
k−1(x) + ǫk−1/3
for x ∈ J∩[−(k−1), k−1]. As there are many fewer than 2nk elements
in Spqk , we an selet the f
pq
k (J)'s suh that (f
pq
k (J1) − f
pq
k (J2))P
pq
k
mod P pqk 6= 0 for any J1, J2 ∈ S
pq
k .
[ii℄ More speially, if 0 ∈ J then fpqk (J) = 0, if k ∈ J then
fpqk (J) = 1 − 1/P
pq
k , and if −k ∈ J then f
pq
k (J) = 1 − 2/P
pq
k . This
an easily be done to make fpqk (as dened so far) nondereasing on
[0, k] and non-inreasing on [−k, 0].
• If x /∈
⋃
Spqk , let JL and JR be the adjaent intervals in S
pq
k suh
that x lies between them. Let xL be the right endpoint of JL and
xR be the left end point of JR Then f
pq
k maps [xL, xR] linearly to
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[fpqk−1(JL), f
pq
k−1(JR)]. Sine |xL−xR| < γk, |f
pq
k−1(xL)− f
pq
k−1(xR)| <
ǫk−1/6, therefore, f
pq
k (x) − f
pq
k−1(x) < ǫk−1/3 + ǫk−1/6 = ǫk−1/2.
Choose ǫk suh that mǫk < min{1/
∏m
p=1 P
pq
k , ǫk−1/6} for all 1 ≤ q ≤
2m+ 1.
All requirements (1)(7) are satised.
2. Denition and Useful Properties of the Funtions, ψpq and φq For
x ∈ R, let ψpq(x) = limk→∞f
pq
k (x). Now for a xed n ∈ N, and any x ∈ [−n, n],
fpqk (x) ≤ ψ
pq(x) ≤ fpqk (x)+ ǫk for k > n+1. So ψ
pq
restrited to [−n, n], being
the uniform limit of the fpqk for k > n+ 1, is ontinuous on [−n, n]. Therefore,
ψpq is ontinuous on R.
Also, by onstrution, the image of [n, n+ 1] under ψpq is a subset of [|n| −
1/(m+ 1), |n|+ 1+ 1/(m+ 1)] for eah n ∈ Z.
Let φq(x1, . . . , xm) = ψ
1q(x1) + · · ·+ ψmq(xm) for (x1, x2, . . . , xm) ∈ Rm.
Our eventual goal is to show {φq : q = 1, 2, . . . , 2m+ 1} is a basi family of
R
m
, however rst, we establish some useful properties of the grids and funtions.
For eah q and k, let J qk = {C1 × C2 × · · · × Cm : Cp ∈ S
q
k for eah p =
1, 2, . . . ,m}. Then we an say the following about J qk .
• For a zed q and k, J qk is a disrete olletion.
• For a xed k, any element in Rm belongs to at least m + 1 retangles of
J qk , i.e. any m+1 of {J
q
k : q = 1, . . . , 2m+1} form an open over of R
m
.
Let Uqk = {φ
q(C) : C ∈ J qk }. Take C = C1 × C2 × · · · × Cm ∈ J
q
k , then
φq(C) is ontained in the interval [
∑m
p=1 f
pq
k (Cp),
∑m
p=1 f
pq
k (Cp) + mǫk]. By
ondition (3) in the onstrution of the fpqk , these losed intervals are disjoint
for eah q and k. Therefore,
Claim Uqk is a disrete olletion of subsets of R for eah q and k.
3. The φq are Basi for Compatly Supported Funtions We now
prove:
Claim For any ompatly supported h ∈ C(Rm), there are g1, . . . , g2m+1 in
C(R) suh that h =
∑2m+1
q=1 gq ◦ φq.
Fix a ompatly supported h ∈ C(Rm). Choose ℓ in N so that h(x) = 0 for
any x outside K = [−ℓ− 1, ℓ+ 1]m.
For eah integer r ≥ 0 and q = 1, · · · , 2m+1, nd positive kr and ontinuous
funtions χqr : R → R (k0 = ℓ and χ
q
1 = 0 for eah q) suh that if h
r(x) =∑2m+1
q=1
∑r
s=0 χ
q
s(φ
q(x)) and Mr = supx∈Rm |(hi − h
r
i )(x)|, then:
(1) kr+1 > kr;
(2) if ‖a−b‖∞ < m/10
kr+1
, then |(h−hr)(a)− (h−hr)(b)| < (2m+2)
−1Mr
for a,b ∈ Rm;
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(3) χqr+1 is onstant on eah member of U
q
kr+1
;
(4) if C ∩ (Rm \K) 6= ∅ for C ∈ J qkr+1 , then the value of χ
q
r+1 on φq(C) is 0,
otherwise, its value on φq(C) is (m+1)
−1(h− hr)(y) for some arbitrarily
hosen element y ∈ C; and
(5) χqr+1(x) ≤ (m+ 1)
−1Mr for eah x ∈ R.
The kr and χ
q
r are dened indutively on r. Also for any a,b ∈ C ∈ J
q
kr+1
,
‖a− b‖∞ < m/10kr+1. Therefore:
(6) for x ∈
⋃
{C : C ∈ J qkr+1},
|(m+ 1)−1(h− hr)(x) − χ
q
r+1(φq(x))| < (m+ 1)
−1(2m+ 2)−1Mr.
Also for eah x ∈ Rm, there are at least m+ 1 distint values of q suh that
x ∈
⋃
{C : C ∈ J qkr+1}. Then there are m+ 1 values of q suh that (6) is true;
for the other m values of q, (5) in the onstrution holds.
Hene, for x ∈ K,
|(h− hr+1)(x)| = |(h− hr)(x) −
2m+1∑
q=1
χqr+1(φq(x))|
< (m+ 1) · (m+ 1)−1(2m+ 2)−1Mr +m · (m+ 1)
−1Mr
=
2m+ 1
2m+ 2
Mr.
While for x /∈ K,
∑2m+1
q=1 χ
q
r+1(φq(x)) = 0 by property (4).
Therefore, Mr+1 < (2m+ 1) · (2m + 2)−1 ·Mr, so Mr < ((2m + 1) · (2m+
2)−1)r ·M0 for eah r, hene limr→∞Mr = 0, and thus h(x) = limr→∞hr(x)
for all x ∈ Rm.
Moreover, by ondition (5), the funtions
∑r
s=0 χ
q
s onverge uniformly for
eah q to a ontinuous funtion gq : R→ R and
h(x) = limr→∞hr(x) = lim
2m+1∑
q=1
r∑
s=0
χqs(φq(x)) =
2m+1∑
q=1
gq(φq(x)).
This omplete the proof of the Claim.
4. The φq are Basi for All Funtions We omplete the proof by showing:
Claim For any f ∈ C(Rm), there are g1, . . . , g2m+1 in C(R) suh that f =∑2m+1
q=1 gq ◦ φq.
First some preliminary denitions. Let Kin be
{(x1, x2, · · · , xm) : xi ∈ [−n− 2,−n]∪ [n, n+2], xj ∈ [−n− 2, n+2] for j 6= i},
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and let K = {Kn =
⋃m
i=1K
i
n : n ∈ N ∪ {0}}.
For eah n, the image of Kn under φ
q
is {[n− 1,m(n+2)+1] : n ∈ N∪{0}}
whih is a loally nite olletion of subsets of R.
Next we indutively dene a sequene of ontinuous funtions αn on R
m
for
n ∈ N ∪ {0}, as follows:
Base step: α0(x) = 1 for x ∈ [−1, 1]m, α0(x) = 0 for x ∈ Rm \K0.
Indutive step: αn(x) = 1 − αn−1(x) for x ∈ Kn ∩ Kn−1, αn(x) = 0 for
x ∈ Rm \Kn.
To prove the Claim, take any f ∈ C(Rm). Then f(x) =
∑
∞
i=0 αi(x) · f(x).
Also αi(x) · f(x) = 0 if x /∈ Ki.
From the Claim in the previous Step, for eah i ∈ N ∪ {0}, there exist
ontinuous funtions gi1, . . . , q
i
2m+1 suh that αi(x) · f(x) =
∑2m+1
q=1 g
i
q(φ
q(x)).
Then let gq =
∑
∞
i=0 g
i
q. This funtion is well-dened and ontinuous beause
{x : giq(x) 6= 0} ⊆ [i− 1,m(i+2)+ 1], whih means there are only nitely many
i with giq(x) 6= 0 for eah x ∈ R.
Then we have
f(x) =
∞∑
i=0
αi(x) · f(x) =
∞∑
i=0
2m+1∑
q=1
giq(φ
q(x)) =
2m+1∑
q=1
gq(φ
q(x)),
 as laimed.
Theorem 4 Let X be a Tyhono spae. Then the following are equivalent:
(1) some power of X has a nite basi family;
(2) for every m,n ∈ N, there is an r ∈ N and ψpq from C(X,Rn), for q =
1, . . . , r and p = 1, . . . ,m, suh that every f ∈ C(Xm,Rn) an be written
f(x1, . . . , xm) =
r∑
q=1
gq
(
m∑
p=1
ψpq(xp)
)
,
for some g1, . . . , gr in C(R
n,Rn);
(3) X is a loally ompat, nite dimensional separable metri spae, or equiv-
alently, homeomorphi to a losed subspae of Eulidean spae.
Proof. It was shown in [2℄ that a Tyhono spae has a nite basi family if
and only if it is a loally ompat, nite dimensional separable metrizable spae.
Hene (1) implies (3), and (2) implies (1).
Now suppose (3) holds and X is a loally ompat, nite dimensional sep-
arable metri spae. Fix m. Then X is (homeomorphi to) a losed subspae
of some R
ℓ
. We establish (2) when n = 1. The general ase follows easily by
working oordinatewise.
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Aording to Theorem 3 there exist ψpq for p = 1, 2, . . . , ℓm and q =
1, 2, . . . , 2ℓm+ 1 suh that any f ∈ C(Rℓm) an be written as f(x1, . . . , xℓm) =∑2ℓm+1
q=1 gq(
∑ℓm
p=1 ψ
pq(xp)) for some gq ∈ C(R).
Let r = 2ℓm + 1. Let Ψpq =
∑m+(p−1)m
i=1+(p−1)m ψ
iq
for p = 1, . . . ,m and q =
1, . . . , r. Sine X is a losed subset of Rℓ, any ontinuous funtion on X an be
ontinuously extended to R
ℓ
. Then {Ψpq ↾ X : p = 1, . . . ,m, and q = 1, . . . , r}
are as required.
Note that from Theorem 4(2) it follows that every ontinuous funtion of
three omplex variables an be written as a superposition of addition and on-
tinuous funtions of one omplex varaiable.
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